Abstract. A definition of a quantum vertex algebra, which is a deformation of a vertex algebra, was proposed by Etingof and Kazhdan in 1998. In a nutshell, a quantum vertex algebra is a braided state-field correspondence which satisfies associativity and braided locality axioms. We develop a structure theory of quantum vertex algebras, parallel to that of vertex algebras. In particular, we introduce braided n-products for a braided state-field correspondence and prove for quantum vertex algebras a version of the Borcherds identity.
Introduction
Let V be a module over a unital commutative associative ring K. The basic objects of study in the theory of vertex algebras are products on V with values in Laurent series over V , i.e. K-linear maps
(1.1) (1.1)' Y (a, z) = n∈Z a (n) z −n−1 , where a (n) ∈ End V , (1. Then the map a → Y (a, z) is indeed a correspondence between states a ∈ V and quantum fields Y (a, z). This definition of vertex algebra was given in [K] (see also [K15] ), where its equivalence to the original definition, given by Borcherds [B] in 1986 (via Borcherds identity), was established. A quantum deformation of the notion of a vertex algebra is obtained by taking for the space of states V a topologically free module over K [[h] ] and considering a "topological" state-field correspondence satisfying a "deformed" axiom of locality which induces locality (1.6) on V /hV (hence induces on V/hV a structure of a vertex algebra). Following ideas of [FR] , Etingof and Kazhdan in [EK5] defined such a "deformed" locality by introducing a K [[h] ]-linear map, called braiding,
(where ⊗ stands for the K [[h] ]-completed tensor product), which is ≡ 1 mod h and is a shift-invariant unitary solution of the quantum Yang-Baxter equation (see Definition 3.5). To get the S-locality they inserted S in the LHS of (1.6) as follows (cf. [FR] )
for all a, b, c ∈ V , M ∈ Z ≥0 , and N ∈ Z ≥0 depending on a, b and M . The resulting notion is called a braided vertex algebra. Note that if V is a braided vertex algebra, obviously V /hV is a vertex algebra over K. Hence such V is called a quantization of the vertex algebras V /hV .
It is well known that vertex algebras satisfy the associativity relation (z +w) N Y (w)(Y (z)⊗1)(a⊗b⊗c) = (z +w) N ι z,w Y (z +w)(1⊗Y (w))(a⊗b⊗c) (1.8)
for some non-negative integer N (see e.g. [BK, Prop.4.1(b) ]), which implies that, in case T = 0, vertex algebras are associative algebras. However, this is not the case for braided vertex algebras. Etingof and Kazhdan in [EK5] rectified the definition of a braided vertex algebra by imposing on the braiding S the hexagon relation (see equation (3.24)), and proved that a braided vertex algebra with braiding S satisfying the hexagon relation, satisfies the associativity relation (1.8). They called such a braided vertex algebra a quantum vertex algebra.
The main result of [EK5] is a construction of a quantum vertex algebra which is a non-trivial quantization of the universal affine vertex algebra V k (sl N ). They also discuss quantum vertex algebras with T = 0 (which are associative algebras with braiding) and the quasiclassical limit of a quantum vertex algebra (which is a vertex algebra with some additional structure).
In the present paper we develop a structure theory of braided and quantum vertex algebras, keeping in mind the structure theory of vertex algebras. For the former we first recall some of the results of the latter.
The following theorem, collecting results from [K] , [LL] , [BK] and [L03] , gives several equivalent characterizations of a vertex algebra. Theorem 1.1. Let V be a vector space over a field K of characteristic 0 and let Y : V ⊗ V → V ((z)) be a state-field correspondence. Then the following conditions are equivalent (a, b, c ∈ V ): (i) V is a vertex algebra.
(ii) The following Jacobi identity holds: (1.12) (v) The skewsymmetry Y = Y op , and the following n-product identities holds:
(1.13)
Here and below δ(z, w) denotes the formal δ-function δ(z, w) = k∈Z z −k−1 w k , and ι z,w denotes the geometric series expansion for |z| > |w|. In condition (v), the n-product of quantum fields a(z), b(z) : V → V ((z)) is defined by a(z) (n) b(z) = Res x a(x)b(z)ι x,z (x − z) n − b(z)a(x)ι z,x (x − z) n .
(1.14)
A vertex algebra is called commutative if the locality axiom (1.6) holds for N = 0: The following simple result can be found in [B] and [K] .
Theorem 1.2. A vertex algebra is commutative if and only if Y (z)(a ⊗ b) ∈ V [[z]]
for any a, b ∈ V . Moreover, in this case, the (−1)-product a (−1) b is commutative, associative, unital (with unity |0 ), differential (with derivative T ), and the statefield correspondence Y is given by:
The main goal of the present paper is to describe the quantum analogue of Theorem 1.1. We also describe a quantum analogue of Theorem 1.2. First, the quantum analogue of the Jacobi identity (1.9) is the following S-Jacobi identity (cf. [L10] ):
(1.16)
The associativity relation (1.8) remains the same for quantum vertex algebras, but it has to be understood modulo h M (with the exponent N depending on M ). The skewsymmetry relation (1.11) becomes the quantum skewsymmetry
where Y op is defined by (1.11) (see [EK5, Lemma 1.2] ). The quantum analogue of the Borcherds identity (1.12) is the quantum Borcherds identity (n ∈ Z) 18) where the products a S (n) b are defined as the Fourier coefficients of Y (z)S(z)(a ⊗ b), and the quantum analogue of the n-products (1.14) is as follows (n ∈ Z)
(1.19) Then, the quantum n-product identity is (n ∈ Z)
We can now formulate the quantum analogue of Theorem 1.1 (cf. Theorem 5.13):
]-module with a topological statefield correspondece Y : V ⊗V → V ((z)) and braiding S. Then the following conditions are equivalent:
(i) V is a braided vertex algebra and the associativity relation (1.8) holds modulo h M ; (ii) the S-Jacobi identity (1.16) holds; (iii) the associativity relation (1.8) and the quantum skewsymmetry (1.17) hold; (iv) the quantum Borcherds identity (1.18) holds; (v) the quantum n-product identities (1.20) and the S-locality (1.7) hold.
A topological state-field correspondence Y with braiding S is a quantum vertex algebra if one of the equivalent conditions of Theorem 1.3 holds.
Note that in the present paper we give a definition of a braided and a quantum vertex algebra V , not requiring that the braiding S satisfies the shift condition, unitarity and the quantum Yang-Baxter equation, and replacing the hexagon relation by associativity of V . In our structure theory of quantum vertex algebras these conditions on S are never used. We show that all these conditions hold automatically modulo the kernel of Y (in [EK5, Prop.1.11] they are proved under a "non-degeneracy" assumption).
We also find a quantum analogue of Theorem 1.2. In order to state it, we define the following S-commutativity (cf. (1.15)):
We have, as immediate consequence of Theorems 4.3 and 4.6, Theorem 1.4. Let V be a quantum vertex algebra with a fixed braiding S(z). The S-commutativity (1.21) holds if and only if
is a unital (with unity |0 ), associative, differential (with derivation T ) product, satisfying the following "quantum commutativity" relation (cf. equation (4.7))
Furthermore, the state-field correspondence Y (z) is given by
A powerful tool for construction of vertex algebras is the existence or the extension theorem (see [K, Thm.4.5] or [DSK06, Thm.1.5], [K15] ). Unfortunately we were unable to find its quantum analogue. Thus, construction of quantum vertex algebras remains a difficult problem.
Interesting problems are to construct non-trivial quantizations of commutative vertex algebras and of affine vertex algebras associated to any simple Lie algebra. Beyond [EK5] , some examples were constructed in [JKMY] and in [BJK] respectively.
The paper is organized as follows. Section 2 is devoted to vertex algebras. We start by reviewing in Section 2.1 the basic calculus of formal distributions, in Section 2.2 the properties of field algebras, and in Section 2.3 the definition of vertex algebras. The remaining subsections contain several characterizations of vertex algebras given by Theorem 2.23, and the description of commutative vertex algebras. Next, we switch in Section 3 to quantum vertex algebras. After introducing the necessary h-adic topology, we give the definitions of braided vertex algebras (Definition 3.5) and quantum vertex algebras (Definition 3.12). We show in this Section that, modulo the kernel of Y , all the conditions imposed in [EK5] on S do hold (Proposition 3.9), and the hexagon relation follows from associativity (Proposition 3.14). We also prove, within this section, some preliminary results on braided and quantum vertex algebras, and the quantum analogue of Goddard's uniqueness Theorem (cf. Proposition 3.17). In Section 4 we consider the special case of S-commutative braided and quantum vertex algebras, see Theorems 4.3 and 4.6. Finally, in Section 5 we introduce quantum n-products and prove the quantum Borcherds identity, see Theorem 5.8. We conclude by proving the main characterizations of quantum vertex algebras, see Theorem 5.13. This paper is based on the Ph.D thesis of the second author [Gar] .
Throughout the paper all vector spaces, tensor products, hom's, etc. are over a field F of characteristic zero, unless otherwise specified.
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Field algebras and vertex algebras
In this section we review the definitions of a field algebra and of a vertex algebra, following [BK, K] (see also [K15] for a more recent exposition).
2.1. Calculus of formal distributions. Given a vector space V , we let V [[z, z −1 ]] be the space of bilateral formal power series with coefficients in V ; they are called
] stands for the space of Laurent series with coefficients in V .
Recall that the formal delta distribution δ(z, w) is a formal distribution in z and w with coefficients in K defined as follows:
It can be obtained as
where ι z,w (resp. ι w,z ) denotes the geometric series expansion in the domain |z| > |w| (resp. |w| > |z|). Recall also that, for an arbitrary formal distribution a(z), we have
where Res z denotes the coefficient of z −1 .
while they are local on v ∈ V if there exists N ∈ Z ≥0 such that
, and one has
if and only if
In Section 5 we will need and we will give a proof of an analogue of Lemma 2.3 in the context of a topologically free K [[h] ]-module, see Lemma 5.10.
Field algebras.
In this subsection we recall the definition of a field algebra and its properties following [BK] .
With an abuse of notation, we shall at times denote by Y also the map
Proposition 2.5 (see e.g. [BK, Prop.2.7] 
Then Y op is also a state-field correspondence.
A key ingredient for the proof of Theorem 2.20 below is the following result, which we shall use in Section 5, for the proof of Theorem 5.1 in Section 5 (the "quantum analogue" of Theorem 2.20).
Lemma 2.7 ( [BK, Lem.3.8]) . Let X and Y be two state-field correspondences, and let a, b, c ∈ V be such that there exists N ≥ 0 such that
Definition 2.8. Let (V, |0 ) be a pointed vector space and let Y be a state-field correspondence. One says that Y satisfies the associativity relation if, for any a, b, c ∈ V , there exists N ∈ Z ≥0 such that the following equation holds:
Proposition 2 The following proposition follows from [BK, Prop.4 .7a], see [BK, Rem.4 .8]
is a field algebra as well.
2.3. Vertex algebras. Vertex algebras were introduced by Borcherds in [B] as a pointed vector space with n-products a (n) b for each n ∈ Z, such that |0 (n) a = δ n,−1 a and a (cubic) relation called Borcherds Identity holds. The following definition was given in [K] where it was proved that it is equivalent to the Borcherds' one.
Remark 2.13. In fact, in the definition of a vertex algebra the translation covariance 2 axiom is redundant. Indeed, as we will point out in Remark 2.16, it follows from the associativity relation (2.8), which in turn follows from the translation covariance 1 axiom and the locality axiom (2.9) (cf. Proposition 2.18).
Example 2.14. Let g be a finite dimensional Lie algebra with a non-degenerate symmetric invariant bilinear form (·|·). Let g = g ⊗ K((t)) ⊕ KK be the centrally extended loop algebra with the commutation relations given by
we define a vertex algebra structure as follows. First, for x ∈ g, we let
the vector space V k (g) is spanned by the coefficients the series
where |0 is the image of 1 in V k (g). For x 1 , x 2 ∈ g, we define the normally ordered product:
:
. We then define the translation operator T ∈ End V by
, and the state-field correspondence Y by
The resulting vertex algebra V k (g) is known as the level k universal affine vertex algebra of g. The fact that this is a vertex algebra follows from the general extension theorem of [DSK06] and Taylor's formula:
2.4. Associativity and other properties. In this Section we recall some results from [G] , [K] , [BK] .
Lemma 2.15 (Goddard's uniqueness Theorem, [G] , [K, Thm.4.4] ). Let V be a vertex algebra and let a ∈ V and a(z)
Remark 2.16. In the proof of Goddard's uniqueness Theorem one does not need the translation covariance 2 axiom of Definition 2.4. On the other hand, the translation covariance 2 axiom can be derived using Goddard's uniqueness Theorem and the other vertex algebra axioms as follows. By Proposition 2.5 (a), we have
Moreover, by the locality axiom, we have
The proof of the following Lemma is the same as the proof in [FLM] or [K, Prop.4 
.2].
Lemma 2.17 (Skew-symmetry). Let Y be a state-field correspondence on a pointed vector space
Proposition 2.18 (cf. [BK, Prop.4 .1]). If V is a vertex algebra, then the state-field correspondence Y satisfies the associativity relation (2.8). 
4).
The n-product of the quantum fields Y (a, z) and
(2.14)
Remark 2.22. As an immediate consequence of Theorem 2.2, in a vertex algebra we have
The Jacobi identity on V (cf. [FLM, Sec.8 
Theorem 2.23. Let Y be a state-field correspondence on the pointed vector space (V, |0 ). The following statements are equivalent:
(i) V is a vertex algebra, i.e., the locality axiom (2.9) holds; (ii) the Jacobi identity (2.16) holds; (iii) V is a field algebra (i.e., the associativity relation (2.8) holds), and Y = Y op ; (iv) the Borcherds identities (2.17) hold; (v) the n-product identity (2.18) and the locality axiom (2.9) hold; (vi) the n-product identity (2.18) holds and Y = Y op .
Proof. The equivalence of (i) and (iii) is Theorem 2.20. The equivalence of (i) and (ii) was proved in [LL, Thm.3.6.3] . However, the proof is easily obtained as follows: , x) b, w)c, we immediately get that the Jacobi identity (2.16) is equivalent to the locality of (Y (a, z), Y (b, z)) on any vector c ∈ V and the associativity relation (2.8). In particular (i) implies (ii). On the other hand, the locality on the vacuum vector implies Y = Y op . Hence, (ii) implies (iii).
Next, we prove that (ii) implies (iv). Multiplying both sides of the Jacobi identity (2.16) by x n and taking the residue Res x one has
On the other hand the following equalities hold:
Combining the above two equations we get the Borcherds identity (2.17), proving (iv). The Borcherds identity (2.17) immediately implies both the n-th product identity (2.18), by taking the residue in z, and the locality axiom (2.9), since for n ≫ 0 we have a (n) b = 0. Hence, (iv) implies (v).
Condition ( 
for any a, b ∈ V .
2.6. Commutative vertex algebras.
Lemma 2.26. Let Y be a state-field correspondence on a pointed vector space (V, |0 ) (cf. Definition 2.4) and consider the (−1)-product defined by
. Then the vacuum vector |0 ∈ V is the unit element of the (−1)-product and T is a derivation of the (−1)-product.
Proof. It is a straightforward consequence of the vacuum and translation covariance axioms.
Lemma 2.27. If V is a field algebra with a holomorphic state-field correspondence Y , then the (−1)-product is associative.
Proof. Since the algebra K [[z, w] ] of formal power series in z, w has no zero divisors, the associativity relation (2.8) implies
. Multiplying both sides of the above equation by z −1 w −1 and taking the residues in z and w, we obtain the claim. Recall that a vertex algebra V is said to be commutative if the locality axiom (2.9) holds with N = 0 for all a, b ∈ V .
Theorem 2.29 ( [B] , [K, Sec.1.4] ). A vertex algebra V is commutative if and only if the state-field correspondence Y is holomorphic. In this case, the (−1)-product is commutative, associative, unital, with derivation T , and the state-field correspondence Y is given by: Y (z)(a ⊗ b) = (e zT a) (−1) b. Thus, commutative vertex algebras are in bijective correspondence with unital commutative associative differential algebras.
Proof. First, assume that the vertex algebra V is commutative. Letting c = |0 in the locality axiom (2.9) (with N = 0) and using Proposition 2.5(a), we get 
, unless W is finite-dimensional over K, and that the tensor product
-modules is not topologically free, unless one of U and W is finite dimensional. One defines, for any vector spaces U and W , the completed tensor product by
This is a completion in h-adic topology of
(3.2) In other words, expanding a(z) = n∈Z a (n) z −n−1 , we require that lim n→+∞ a (n) = 0 in h-adic topology.
3.2. Quantum fields. Let V be a topologically free
The following two simple results generalize Proposition 2.5 for quantum fields over K [[h] ]. Proof is the same, we reprocude it for the sake of completeness.
where a = Res z z −1 a(z)|0 .
Proof. Applying both sides of the translation covariance assumption to the vacuum vector we get T a(z)|0 = ∂ z a(z)|0 .
(3.4) Since a(z)|0 is a Laurent series in z, it follows from (3.4) that it is actually a formal power series in z, and the claim immediately follows.
Proof. This is an immediate consequence of the Taylor expansion and the translation covariance assumption.
3.3. Braided vertex algebras. In this subsection we propose a definition of a braided vertex algebra, which is slightly less restrictive than that in [EK5] . 6) satisfying the axioms of a state-field correspondence as in Definition 2.4:
such that S = 1 + O(h).
Definition 3.5. A braided vertex algebra is a quintuple (V, |0 , T, Y, S) as in Definition 3.4, satisfying the following S-locality: for every a, b ∈ V and M ∈ Z ≥0 , there exists N = N (a, b, M ) ≥ 0 such that
Note that for a braided vertex algebra V , the vector space V /hV carries a canonical structure of a vertex algebra.
As for the usual state-field correspondence, for the topological state-field correspondence T is determined by the map Y and the vacuum vector |0 :
Thus, a braided vertex algebra is a quadruple (V, |0 , Y, S) satisfying the axioms of Definitions 3.4 and 3.5. By abuse of terminology, we shall call the quadruple (V, |0 , Y, S) satisfying the axioms of Definitions 3.4 a braided state-field correspondence. 
Proof. By the S-locality (3.8) with c = |0 and Lemma 3.2, we have that, for any a, b ∈ V and M ∈ Z ≥0 , there exists N = N (a, b, M ) ≥ 0 such that
By Lemma 3.3, equation (3.11) becomes
Therefore both sides of equation (3.12) have only positive powers of z. Evaluating equation (3.12) on z = 0, we obtain
Multiplying both sides of equation (3.13) by (−w) −N e −wT and renaming −w in z, one has
Since the above equation holds modulo h M for every M , it must hold identically. The claim follows.
Remark 3.7. The same proof as for Lemma 3.6 shows that, if the S-locality (3.8) holds for c = |0 , then Y S = Y op .
For braided vertex algebras, an analogue of the associativity relation (2.8) does not hold, but one has the following quasi-associativity relation (3.14):
Proposition 3.8 ([EK5, Prop.1.1]). Let V be a braided vertex algebra. For every a, b, c ∈ V and M ∈ Z ≥0 , there exists N ≥ 0 such that
(3.14)
Proof. Applying e −wT to both sides of the S-locality (3.8), one has
By Lemmas 3.3 and 3.6, the left hand side of equation (3.15) is equal to the following:
(3.16)
Similarly, using Lemma 3.3 on the right hand side of equation (3.15), one has
Equation (3.14) is obtained by equating ( mod h M ) (3.16) and (3.17), changing the sign of w and switching the letters b and c.
We have used above the following standard notation: given n ≥ 2 and i, j ∈ {1, . . . , n}, we let Proposition 3.9. Let (V, |0 , T, Y, S) be a braided vertex algebra. Extend
Moreover, we have the quantum Yang-Baxter equation:
Proof. As for the usual state-field correspondence, for a topological state-field correspondence Y the map Y op defined by (2.7) is a topological state-field correspondence as well (cf. Proposition 2.6). Moreover, by Lemma 3.6, Y op = Y S.
By the equation Y S = Y
op , the definition (2.7) of Y op , the vacuum axiom and translation covariance, to get
and
proving claim (a). Since T is a derivation of Y op , we have
and since T is a derivation of Y , we also have
Combining equations (3.19) and (3.20), we get
By the translation covariance of Y op , we have
while, by the translation covariance of Y we have
Combining equations (3.21) and (3.22), we get
proving claim (c). Claim (b) is an obvious consequence of (c) and (d).
Next, let us prove the unitarity condition (e). Since Y (z)S(z) = Y op (z) and S 21 (z) = (1 2)S(z)(1 2), we have
For the last equality we used the obvious fact that (Y op ) op = Y . Claim (e) follows. Finally, we prove the quantum Yang-Baxter equation (f). For N 12 , N 13 , N 23 large enough, using three times the S-locality, we have
Similarly one gets
Therefore, for every M there exist N 12 , N 13 , N 23 >> 0 such that
On the other hand, multiplication by z 1 − z 2 , z 1 − z 3 or z 2 − z 3 is injective in V h ((z 1 ))((z 2 ))((z 3 )), and commutes with multiplication by h. Hence,
vanishes modulo h M for every M , i.e. vanishes identically. Remark 3.11. As pointed out in [EK5, Cor.1.3] , in a braided vertex algebra the assumption that
is not required if the left shift condition holds. Indeed, in the proof of Lemma 3.6 this assumption is not needed. Moreover, by the left shift condition and Taylor expansion, one proves that ι z,u S(z + u) = e −uT ⊗ 1 S(z) e uT ⊗ 1 . Using Lemmas 3.6 and 3.3, the following equalities follow:
Since S(z) e uT ⊗ 1 is invertible, one has
The claim follows by taking the coefficient of u in both sides of the above equation.
Quantum vertex algebras.
Definition 3.12. A quantum vertex algebra is a braided vertex algebra satisfying the associativity relation (cf. (2.8)): for any a, b, c ∈ V and M ∈ Z ≥0 there exists N ∈ Z ≥0 such that 
then the associativity relation (3.23) holds. Consequently, V is a quantum vertex algebra.
Proof. The associativity relation (3.23) is an immediate consequence of the quasiassociativity (3.14) and the hexagon relation (3.24).
Proposition 3.14. Let (V, |0 , T, Y, S) be a quantum vertex algebra. Then the hexagon relation (3.24) holds modulo Ker Y (z).
Proof. By Proposition 3.8, we have the quasi-associativity relation (3.14). Comparing it with the associativity relation (3.23), we get
for N large enough. Both the LHS and the RHS above, module h M , lie in the space V ( (w))((z)). Hence, we can multiply by ι w,z (z + w)
−N , to get
Since the above equation holds modulo h M for every M , it holds identically.
Remark 3.15. Etingof and Kazhdan define in [EK5] a quantum vertex algebra as a braided vertex algebra (in their sense, cf. Remark 3.10) satisfying the hexagon relation (3.24). They also construct an example of a vertex algebra for which the kernel of the map Y (z) is zero (as well as the map in Proposition 3.9(f)).
3.5. Locality properties of braided and quantum vertex algebras. Let V be a topologically free
Similarly, a(z, w) is called local on the element b ∈ V if, for any M ∈ Z ≥0 , there exists N ∈ Z ≥0 (possibly depending on b), such that Proof. The locality assumption on
for some N ∈ Z ≥0 depending on a, b, c ∈ V, M ∈ Z ≥0 . By Definition (2.7) of Y op , the above equation can be rewritten as
By Lemma 3.3 this is equivalent to
which is the same as the associativity relation (3.23), after changing the sign of w and exchanging b and c.
The following proposition may be viewed as a quantum analogue of the Goddard's uniqueness Theorem (cf. Lemma 2.15).
Proposition 3.17. Let V be a braided vertex algebra and let a(z) be a translation covariant End K[[h] ] V -valued quantum field, such that, for every b ∈ V , the pair of quantum fields (a(z), Y (z)(b ⊗ −)) is local on every vector of V . Then
Proof. By assumption, for every b ∈ V and M ∈ Z ≥0 , there exists N 1 ∈ Z ≥0 such that
On the other hand, by S-locality (3.8), there exists N 2 ∈ Z ≥0 such that
Combining equations (3.28) and (3.29), we have, for N = max{N 1 , N 2 },
Note that Y (w)(b ⊗ |0 ) has no negative powers of w, by Lemma 3.2. Hence, the RHS of (3.30) has no negative powers of w and can be evaluated at w = 0. Likewise, in the LHS Y (w)(· ⊗ |0 ) has no negative powers of w, and, for N large enough, there are no negative powers of (z − w) N as well. We thus get, letting w = 0 and using Lemma 3.2,
which obviously implies
Since equation (3.31) holds for every M ∈ Z ≥0 , we get the claim (3.27).
Corollary 3.18. Let V be a quantum vertex algebra. Let a(z) be a translation covariant
is local on every element of V if and only if a(z) = Y op (z)(a ⊗ −), where a = a(z)|0 | z=0 .
Proof. The "only if" part is given by Proposition 3.17, while the "if" part is a consequence of Propositions 3.13 and 3.16.
S-commutative quantum vertex algebras
Definition 4.1. A braided, or quantum, vertex algebra V is called S-commutative if the S-locality (3.8) holds for N = 0:
(4.1)
, while if we expand via ι w,z we may have divergences.
Theorem 4.3. Let V be a braided vertex algebra. Then V is S-commutative if and
Proof. Assume that V is S-commutative. Taking c = |0 in equation (4.1), multiplying both sides by z −1 and taking the residue Res z , we get
proving the "only if" part. For the "if" part, we have, by assumption,
for any M ∈ Z ≥0 . The S-locality equates (4.3) and (4.4) multiplied by (z − w) N , for some N ∈ Z ≥0 . On the other hand, multiplication by (z − w) N has zero kernel in V ((z))((w)). As a consequence, (4.1) holds mod h M for every M . Hence (4.1) holds.
Definition 4.4. The normally ordered product V ⊗ V → V , a ⊗ b → :ab:, on a braided vertex algebra V is given by:
Lemma 4.5. In an S-commutative braided vertex algebra V , we have
is a formal power series in z satisfying the Cauchy problem
The RHS of (4.6) obviously solves this problem. The claim follows.
Theorem 4.6. Let V be an S-commutative quantum vertex algebra. Then the normally ordered product (4.5) is a unital (with unity |0 ), associative, differential (with derivation T ) product, and the following commutation relation holds (a, b ∈ V ): :ba: = :
Proof. By axiom (i) of Definition 3.4, |0 is the unit element of the normally ordered product (4.5), while, by axiom (ii), T is a derivation of this product. Next, by Theorem 4.3 all Y (z)(a ⊗ b) have only non-negative powers of z. Hence, we can set N = 0 in the associativity relation (3.23). Multiplying its both sides by z −1 w −1
and taking residues in z and w, we get (a (−1) b) (−1) c = a (−1) (b (−1) c) mod h M for every M ∈ Z ≥0 . As a consequence, (a (−1) b) (−1) c = a (−1) (b (−1) c) , i.e. the normally ordered product is associative. Finally, multiplying both sides of (4.2) by w −1 and taking the residue Res w , we get
Equation (4.7) follows from (4.8) and Lemma 4.5.
Remark 4.7. Let V be a unital associative algebra with a derivation T over K [[h]] , and a fixed braiding map S(z) :
. Then formula (4.6) defines on V a structure of a field algebra (see Definition 2.10) over K [[h] ]. The commutation relation (4.7) is necessary for having a commutative quantum vertex algebra. We can only prove that, if the left and right shift conditions on S hold (conditions (b) and (c) from Proposition 3.9), then (4.7) is sufficient, provided that S(z) has no negative powers in z.
Remark 4.8. Using Lemma 4.5, it is not hard to check that in an S-commutative quantum vertex algebra, the hexagon relation (3.24) becomes 
Moreover, according to Lemma 2.7, the equation still holds if we replace a by T a, hence by e zT a. Therefore, one has
By the definition of Y op and Proposition 2.5 we get
Multiplying both sides of equation (5.3) for (z − w) P we thus obtain an expression which is regular in w. Putting w = 0 we obtain
By axioms (v) and (vi) of Definition 3.5, Proposition 2.5 and the definition of Y op , we get
In the last equality we used the assumption (b). Combining equations (5.4) and (5.5) and applying again Proposition 2.5(c), we obtain
It is easy to check that,
Hence, (5.6) gives
This expression will give the RHS of the S-locality, which we want to prove. For the LHS, let us rewrite formula (5.1) with z instead of u and a, b swapped: 
Hence, we get
Next, we apply (twice) Proposition 2.5 (b) and (c) on both sides, to get
After multiplying by a sufficiently large integer power (u − w) R , the LHS of (5.11) has no negative powers in w, modulo h M . Hence, we can let w = 0, to get
Note that equation (5.7) holds for every P and L sufficiently large. Likewise, equation (5.12) holds for every L and R sufficiently large. We can thus take all these exponents equal to a sufficiently large integer D. As a result, we get, for (5.7) 13) and for (5.12)
Note that the RHS's of (5.13) and (5.14) coincide, modulo h M , after multiplying by a sufficiently large integer power of z − u, depending only on a, b and M . We thus get
proving the S-locality.
Corollary 5.2. If (V, |0 , Y, S) is a quantum vertex algebra, then (V, |0 , Y op , S −1 ) is a quantum vertex algebra as well.
Proof. By Proposition 2.11 (V, |0 , Y op ) is a field algebra, and
The claim follows by Theorem 5.1.
5.2.
Quantum n-products. Recall Definition 2.14 of n products of quantum fields in a vertex algebras. We define here their quantum analogue.
Definition 5.3. Let (V, |0 , Y, S) be a braided state-field correspondence. For n ∈ Z, the quantum n-product Y (z)
is defined as follows:
, one can think of the quantum n-product as a formal distribution with coefficients in
Lemma 5.4. The quantum n-product (5.15) satisfies the following properties:
If the associativity relation (3.23) holds, for any M ∈ Z ≥0 and i = 1, . . . , s, there exists N i ≥ 0 such that, for any c ∈ V ,
The LHS of equation (5.27) lies in V h ((z))((w)) while the RHS lies in V h ((w))((z)). Hence, one can multiply both sides by f ik z k and sum over i = 1, . . . , s and k ≥ K, obtaining (5.25). The converse follows in a similar way because, for suitable a
Thus, one can do similar operations starting with (5.25) applied to the elements a 
The LHS is then equal to Res z z N ι x,w δ(x + w, z) a(z, w) which is in turn equal to (x + w) N ι x,w a(x + w, w). The RHS is equal to Res z z N ι w,x δ(w + x, z) c(x, w) which is in turn equal to (w + x) N c(x, w). We, thus have the second equation of (2.6) mod h M for any M . With the same reasoning line, we obtain the first equation of (2.6) using that c(z, w) ∈ W ((w))((z)) [[h] ]. Let us now focus on the "if" part. By the first equation of (2.6), for N ≫ 0, one has the following equalities:
Recalling the definition of the formal δ distribution and that (ι z,w −ι w,z )(z −w) m = 0 if m ≥ 0 and 1 (−n−1)! ∂ −n−1 w δ(z, w) if n < 0, one has that
(5.29)
Therefore, by equations (5.28) and (5.29), one has
Using again the first part of equation (2.6), one notes that Using the second equation of (2.6) and recalling that δ(x, t) t N = δ(x, t) x N , one then has (5.37) Equating (5.36) and (5.37), we get equation (2.5) with a = a(z, w), b = b(z, w), c = c(z, w) as in (5.32). By Lemma 2.3, since Y (z)(a ⊗ c) ∈ V h ((z)) and Y (x)(b ⊗ a) ∈ V h ((x)), the associativity relation (3.23) and the S-locality hold on any vector. In particular, we have the S-locality on the vacuum. By Remark 3.7 we then have Y S = Y op . The S-locality now follows by Theorem 5.1.
Within the proof of Theorem 5.8 we have proved the following.
Corollary 5.11. Equation (5.33) is equivalent to the Borcherds identity (5.22).
We also have the following:
Lemma 5.12. Equation (5.33) is equivalent to the S-Jacobi identity (which first appeared in [L10] ): For the first equality we used the definition of Y op while, for the second equality, we used the translation covariance of Y . Proof. The equivalence of conditions (i) and (iii) was proved in Theorem 5.1. The equivalence of (i) and (iv) was proved in Theorem 5.8. The equivalence of (ii) and (iv) is a consequence of Corollary 5.11 and Lemma 5.12. Finally, the equivalence of (iv) and (v) was proved in Lemma 5.7.
